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Markov Decision Process

. Sequential decision making over multiple timesteps ..

Key elements

policy π

finite state space: S
finite action space: A
cost function c

transition kernel P

<latexit sha1_base64="gfWtDorFPyDsRk9Nxxw5MOahsas=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l6UI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZqDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fiko+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPp3cLvPqHSPJaPZpagH9Gx5CFn1Fip2xJUSlTDas2tuznIOvEKUoMCrWH1azCKWRqhNExQrfuemxg/o8pwJnBeGaQaE8qmdIx9SyWNUPtZfu6cXFhlRMJY2ZKG5OrviYxGWs+iwHZG1Ez0qrcQ//P6qQlv/IzLJDUo2XJRmApiYrL4nYy4QmbEzBLKFLe3EjahijJjE6rYELzVl9dJp1H3rureQ6PWvC3iKMMZnMMleHANTbiHFrSBwRSe4RXenMR5cd6dj2VrySlmTuEPnM8fWr2PlA==</latexit>

Planner
<latexit sha1_base64="3xMvQ6ewwCJZ9Dui3fC+O9UktZc=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsx0oS6LIrisYB8wHUomzbShmWRIMoUy9DPcuFDErV/jzr8x085CWw8EDufcQ+49YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8tUEdomkkvVC7GmnAnaNsxw2ksUxXHIaTec3OV+d0qVZlI8mVlCgxiPBIsYwcZK/r2YMiVFTIUZVGtu3V0ArROvIDUo0BpUv/pDSdI8SzjW2vfcxAQZVoYRTueVfqppgskEj6hvqcAx1UG2WHmOLqwyRJFU9gmDFurvRIZjrWdxaCdjbMZ61cvF/zw/NdFNkDGRpIYKsvwoSjkyEuX3oyFTlBg+swQTxeyuiIyxwsTYliq2BG/15HXSadS9q7r32Kg1b4s6ynAG53AJHlxDEx6gBW0gIOEZXuHNMc6L8+58LEdLTpE5hT9wPn8Aq2yRgQ==</latexit>

Environment

<latexit sha1_base64="o+BtzsjwT+wuzH75j3SJIr0USjA=">AAAB+HicbVBNS8NAEN34WetHox69LLaCIJSkB/VY9OKxUvsBbQib7aZdutmE3YlQQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFySCa3Ccb2ttfWNza7uwU9zd2z8o2YdHbR2nirIWjUWsugHRTHDJWsBBsG6iGIkCwTrB+Hbmdx6Z0jyWDzBJmBeRoeQhpwSM5NulJhBguNL0M7hwpxXfLjtVZw68StyclFGOhm9/9QcxTSMmgQqidc91EvAyooBTwabFfqpZQuiYDFnPUEkipr1sfvgUnxllgMNYmZKA5+rviYxEWk+iwHRGBEZ62ZuJ/3m9FMJrL+MySYFJulgUpgJDjGcp4AFXjIKYGEKo4uZWTEdEEQomq6IJwV1+eZW0a1X3sure18r1mzyOAjpBp+gcuegK1dEdaqAWoihFz+gVvVlP1ov1bn0sWtesfOYY/YH1+QM7dJIo</latexit>

State St+1

<latexit sha1_base64="hPgJLF7kvcEOfO7ilmq41mqS4u8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB6LXjxWsB/QhLLZbtqlm92wuxFC6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTrpapIrRDJJeqH2JNORO0Y5jhtJ8oiuOQ0144vZv7vSeqNJPi0WQJDWI8FixiBBsr+W3JGclQ3U9YfVituQ13AbROvILUoEB7WP3yR5KkMRWGcKz1wHMTE+RYGUY4nVX8VNMEkyke04GlAsdUB/ni5hm6sMoIRVLZEgYt1N8TOY61zuLQdsbYTPSqNxf/8wapiW6CnIkkNVSQ5aIo5chINA8AjZiixPDMEkwUs7ciMsEKE2NjqtgQvNWX10m32fCuGt5Ds9a6LeIowxmcwyV4cA0tuIc2dIBAAs/wCm9O6rw4787HsrXkFDOn8AfO5w8ECZED</latexit>

Policy ⇡
<latexit sha1_base64="BgMmENYZrsks60dQbOHBHu0bQPw=">AAAB9HicbVBNTwIxEO3iF+IX6tFLI5hgYsguB/VI5OIRE/lIYEO6pQsN3XZtZ0kI4Xd48aAxXv0x3vw3FtiDgi+Z5OW9mczMC2LBDbjut5PZ2Nza3snu5vb2Dw6P8scnTaMSTVmDKqF0OyCGCS5ZAzgI1o41I1EgWCsY1eZ+a8y04Uo+wiRmfkQGkoecErCSX1MGcJGWzBW5LPbyBbfsLoDXiZeSAkpR7+W/un1Fk4hJoIIY0/HcGPwp0cCpYLNcNzEsJnREBqxjqSQRM/50cfQMX1ilj0OlbUnAC/X3xJRExkyiwHZGBIZm1ZuL/3mdBMJbf8plnACTdLkoTAQGhecJ4D7XjIKYWEKo5vZWTIdEEwo2p5wNwVt9eZ00K2Xvuuw9VArVuzSOLDpD56iEPHSDquge1VEDUfSEntErenPGzovz7nwsWzNOOnOK/sD5/AGkbpC1</latexit>

Cost c(s, a)
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Planner
<latexit sha1_base64="3xMvQ6ewwCJZ9Dui3fC+O9UktZc=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsx0oS6LIrisYB8wHUomzbShmWRIMoUy9DPcuFDErV/jzr8x085CWw8EDufcQ+49YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8tUEdomkkvVC7GmnAnaNsxw2ksUxXHIaTec3OV+d0qVZlI8mVlCgxiPBIsYwcZK/r2YMiVFTIUZVGtu3V0ArROvIDUo0BpUv/pDSdI8SzjW2vfcxAQZVoYRTueVfqppgskEj6hvqcAx1UG2WHmOLqwyRJFU9gmDFurvRIZjrWdxaCdjbMZ61cvF/zw/NdFNkDGRpIYKsvwoSjkyEuX3oyFTlBg+swQTxeyuiIyxwsTYliq2BG/15HXSadS9q7r32Kg1b4s6ynAG53AJHlxDEx6gBW0gIOEZXuHNMc6L8+58LEdLTpE5hT9wPn8Aq2yRgQ==</latexit>

Environment

<latexit sha1_base64="edYVpdS4bPAKCIBdLfqdqDZmLKo=">AAAB83icbVDLTgJBEOzFF+IL9ehlIph4Irsc1CPoxSMm8khgQ2aHWZgw+8hMrwnZ8BtePGiMV3/Gm3/jLOxBwUo6XanqzvSUF0uh0ba/rcLG5tb2TnG3tLd/cHhUPj7p6ChRjLdZJCPV86jmUoS8jQIl78WK08CTvOtN7zK/+8SVFlH4iLOYuwEdh8IXjKKRBk2WNVJtDrE6LFfsmr0AWSdOTiqQozUsfw1GEUsCHiKTVOu+Y8foplShYJLPS4NE85iyKR3zvqEhDbh208XNc3JhlBHxI2UqRLJQf2+kNNB6FnhmMqA40ateJv7n9RP0b9xUhHGCPGTLh/xEEoxIFgAZCcUZypkhlClhbiVsQhVlaGIqmRCc1S+vk0695lzVnId6pXGbx1GEMziHS3DgGhpwDy1oA4MYnuEV3qzEerHerY/laMHKd07hD6zPH7WDkNA=</latexit>

Action At

State St+1

<latexit sha1_base64="hPgJLF7kvcEOfO7ilmq41mqS4u8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB6LXjxWsB/QhLLZbtqlm92wuxFC6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTrpapIrRDJJeqH2JNORO0Y5jhtJ8oiuOQ0144vZv7vSeqNJPi0WQJDWI8FixiBBsr+W3JGclQ3U9YfVituQ13AbROvILUoEB7WP3yR5KkMRWGcKz1wHMTE+RYGUY4nVX8VNMEkyke04GlAsdUB/ni5hm6sMoIRVLZEgYt1N8TOY61zuLQdsbYTPSqNxf/8wapiW6CnIkkNVSQ5aIo5chINA8AjZiixPDMEkwUs7ciMsEKE2NjqtgQvNWX10m32fCuGt5Ds9a6LeIowxmcwyV4cA0tuIc2dIBAAs/wCm9O6rw4787HsrXkFDOn8AfO5w8ECZED</latexit>

Policy ⇡
<latexit sha1_base64="BgMmENYZrsks60dQbOHBHu0bQPw=">AAAB9HicbVBNTwIxEO3iF+IX6tFLI5hgYsguB/VI5OIRE/lIYEO6pQsN3XZtZ0kI4Xd48aAxXv0x3vw3FtiDgi+Z5OW9mczMC2LBDbjut5PZ2Nza3snu5vb2Dw6P8scnTaMSTVmDKqF0OyCGCS5ZAzgI1o41I1EgWCsY1eZ+a8y04Uo+wiRmfkQGkoecErCSX1MGcJGWzBW5LPbyBbfsLoDXiZeSAkpR7+W/un1Fk4hJoIIY0/HcGPwp0cCpYLNcNzEsJnREBqxjqSQRM/50cfQMX1ilj0OlbUnAC/X3xJRExkyiwHZGBIZm1ZuL/3mdBMJbf8plnACTdLkoTAQGhecJ4D7XjIKYWEKo5vZWTIdEEwo2p5wNwVt9eZ00K2Xvuuw9VArVuzSOLDpD56iEPHSDquge1VEDUfSEntErenPGzovz7nwsWzNOOnOK/sD5/AGkbpC1</latexit>

Cost c(s, a)

Decision making:

1 Observe current state St and feed into policy

2 Make At following distribution π(·|St)
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Action At

State St+1

<latexit sha1_base64="hPgJLF7kvcEOfO7ilmq41mqS4u8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB6LXjxWsB/QhLLZbtqlm92wuxFC6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTrpapIrRDJJeqH2JNORO0Y5jhtJ8oiuOQ0144vZv7vSeqNJPi0WQJDWI8FixiBBsr+W3JGclQ3U9YfVituQ13AbROvILUoEB7WP3yR5KkMRWGcKz1wHMTE+RYGUY4nVX8VNMEkyke04GlAsdUB/ni5hm6sMoIRVLZEgYt1N8TOY61zuLQdsbYTPSqNxf/8wapiW6CnIkkNVSQ5aIo5chINA8AjZiixPDMEkwUs7ciMsEKE2NjqtgQvNWX10m32fCuGt5Ds9a6LeIowxmcwyV4cA0tuIc2dIBAAs/wCm9O6rw4787HsrXkFDOn8AfO5w8ECZED</latexit>

Policy ⇡
<latexit sha1_base64="huHrdeWeSfnkmSGzjDzu/jfxruQ=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTSWGIiHxEuZG/Zgw17e5fdORNC+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTm5jc2t7J79b2Ns/ODwqHp+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj+txvP3FtRKwecJJwP6JDJULBKFrpsR4bJOV6H8v9YsmtuAuQdeJlpAQZGv3iV28QszTiCpmkxnQ9N0F/SjUKJvms0EsNTygb0yHvWqpoxI0/XVw8IxdWGZAw1rYUkoX6e2JKI2MmUWA7I4ojs+rNxf+8borhjT8VKkmRK7ZcFKaSYEzm75OB0JyhnFhCmRb2VsJGVFOGNqSCDcFbfXmdtKoV76ri3VdLtdssjjycwTlcggfXUIM7aEATGCh4hld4c4zz4rw7H8vWnJPNnMIfOJ8/PA6P+Q==</latexit>

Cost Ct

<latexit sha1_base64="BgMmENYZrsks60dQbOHBHu0bQPw=">AAAB9HicbVBNTwIxEO3iF+IX6tFLI5hgYsguB/VI5OIRE/lIYEO6pQsN3XZtZ0kI4Xd48aAxXv0x3vw3FtiDgi+Z5OW9mczMC2LBDbjut5PZ2Nza3snu5vb2Dw6P8scnTaMSTVmDKqF0OyCGCS5ZAzgI1o41I1EgWCsY1eZ+a8y04Uo+wiRmfkQGkoecErCSX1MGcJGWzBW5LPbyBbfsLoDXiZeSAkpR7+W/un1Fk4hJoIIY0/HcGPwp0cCpYLNcNzEsJnREBqxjqSQRM/50cfQMX1ilj0OlbUnAC/X3xJRExkyiwHZGBIZm1ZuL/3mdBMJbf8plnACTdLkoTAQGhecJ4D7XjIKYWEKo5vZWTIdEEwo2p5wNwVt9eZ00K2Xvuuw9VArVuzSOLDpD56iEPHSDquge1VEDUfSEntErenPGzovz7nwsWzNOOnOK/sD5/AGkbpC1</latexit>

Cost c(s, a)

Observing loss: Ct = c(St, At) ∈ [0, 1]
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<latexit sha1_base64="o+BtzsjwT+wuzH75j3SJIr0USjA=">AAAB+HicbVBNS8NAEN34WetHox69LLaCIJSkB/VY9OKxUvsBbQib7aZdutmE3YlQQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFySCa3Ccb2ttfWNza7uwU9zd2z8o2YdHbR2nirIWjUWsugHRTHDJWsBBsG6iGIkCwTrB+Hbmdx6Z0jyWDzBJmBeRoeQhpwSM5NulJhBguNL0M7hwpxXfLjtVZw68StyclFGOhm9/9QcxTSMmgQqidc91EvAyooBTwabFfqpZQuiYDFnPUEkipr1sfvgUnxllgMNYmZKA5+rviYxEWk+iwHRGBEZ62ZuJ/3m9FMJrL+MySYFJulgUpgJDjGcp4AFXjIKYGEKo4uZWTEdEEQomq6IJwV1+eZW0a1X3sure18r1mzyOAjpBp+gcuegK1dEdaqAWoihFz+gVvVlP1ov1bn0sWtesfOYY/YH1+QM7dJIo</latexit>

State St+1

State transition: St+1 follows distribution P(·|St, At)

Repeat decision process ..
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Markov Decision Process

. Sequential decision making over multiple timesteps ..

Key elements

policy π

finite state space: S
finite action space: A
cost function c

transition kernel P

State St+1

<latexit sha1_base64="gfWtDorFPyDsRk9Nxxw5MOahsas=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l6UI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZqDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fiko+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPp3cLvPqHSPJaPZpagH9Gx5CFn1Fip2xJUSlTDas2tuznIOvEKUoMCrWH1azCKWRqhNExQrfuemxg/o8pwJnBeGaQaE8qmdIx9SyWNUPtZfu6cXFhlRMJY2ZKG5OrviYxGWs+iwHZG1Ez0qrcQ//P6qQlv/IzLJDUo2XJRmApiYrL4nYy4QmbEzBLKFLe3EjahijJjE6rYELzVl9dJp1H3rureQ6PWvC3iKMMZnMMleHANTbiHFrSBwRSe4RXenMR5cd6dj2VrySlmTuEPnM8fWr2PlA==</latexit>

Planner
<latexit sha1_base64="3xMvQ6ewwCJZ9Dui3fC+O9UktZc=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsx0oS6LIrisYB8wHUomzbShmWRIMoUy9DPcuFDErV/jzr8x085CWw8EDufcQ+49YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8tUEdomkkvVC7GmnAnaNsxw2ksUxXHIaTec3OV+d0qVZlI8mVlCgxiPBIsYwcZK/r2YMiVFTIUZVGtu3V0ArROvIDUo0BpUv/pDSdI8SzjW2vfcxAQZVoYRTueVfqppgskEj6hvqcAx1UG2WHmOLqwyRJFU9gmDFurvRIZjrWdxaCdjbMZ61cvF/zw/NdFNkDGRpIYKsvwoSjkyEuX3oyFTlBg+swQTxeyuiIyxwsTYliq2BG/15HXSadS9q7r32Kg1b4s6ynAG53AJHlxDEx6gBW0gIOEZXuHNMc6L8+58LEdLTpE5hT9wPn8Aq2yRgQ==</latexit>

Environment

<latexit sha1_base64="edYVpdS4bPAKCIBdLfqdqDZmLKo=">AAAB83icbVDLTgJBEOzFF+IL9ehlIph4Irsc1CPoxSMm8khgQ2aHWZgw+8hMrwnZ8BtePGiMV3/Gm3/jLOxBwUo6XanqzvSUF0uh0ba/rcLG5tb2TnG3tLd/cHhUPj7p6ChRjLdZJCPV86jmUoS8jQIl78WK08CTvOtN7zK/+8SVFlH4iLOYuwEdh8IXjKKRBk2WNVJtDrE6LFfsmr0AWSdOTiqQozUsfw1GEUsCHiKTVOu+Y8foplShYJLPS4NE85iyKR3zvqEhDbh208XNc3JhlBHxI2UqRLJQf2+kNNB6FnhmMqA40ateJv7n9RP0b9xUhHGCPGTLh/xEEoxIFgAZCcUZypkhlClhbiVsQhVlaGIqmRCc1S+vk0695lzVnId6pXGbx1GEMziHS3DgGhpwDy1oA4MYnuEV3qzEerHerY/laMHKd07hD6zPH7WDkNA=</latexit>

Action At

State St+1

<latexit sha1_base64="hPgJLF7kvcEOfO7ilmq41mqS4u8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB6LXjxWsB/QhLLZbtqlm92wuxFC6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTrpapIrRDJJeqH2JNORO0Y5jhtJ8oiuOQ0144vZv7vSeqNJPi0WQJDWI8FixiBBsr+W3JGclQ3U9YfVituQ13AbROvILUoEB7WP3yR5KkMRWGcKz1wHMTE+RYGUY4nVX8VNMEkyke04GlAsdUB/ni5hm6sMoIRVLZEgYt1N8TOY61zuLQdsbYTPSqNxf/8wapiW6CnIkkNVSQ5aIo5chINA8AjZiixPDMEkwUs7ciMsEKE2NjqtgQvNWX10m32fCuGt5Ds9a6LeIowxmcwyV4cA0tuIc2dIBAAs/wCm9O6rw4787HsrXkFDOn8AfO5w8ECZED</latexit>

Policy ⇡
<latexit sha1_base64="huHrdeWeSfnkmSGzjDzu/jfxruQ=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTSWGIiHxEuZG/Zgw17e5fdORNC+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTm5jc2t7J79b2Ns/ODwqHp+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj+txvP3FtRKwecJJwP6JDJULBKFrpsR4bJOV6H8v9YsmtuAuQdeJlpAQZGv3iV28QszTiCpmkxnQ9N0F/SjUKJvms0EsNTygb0yHvWqpoxI0/XVw8IxdWGZAw1rYUkoX6e2JKI2MmUWA7I4ojs+rNxf+8borhjT8VKkmRK7ZcFKaSYEzm75OB0JyhnFhCmRb2VsJGVFOGNqSCDcFbfXmdtKoV76ri3VdLtdssjjycwTlcggfXUIM7aEATGCh4hld4c4zz4rw7H8vWnJPNnMIfOJ8/PA6P+Q==</latexit>

Cost Ct

<latexit sha1_base64="BgMmENYZrsks60dQbOHBHu0bQPw=">AAAB9HicbVBNTwIxEO3iF+IX6tFLI5hgYsguB/VI5OIRE/lIYEO6pQsN3XZtZ0kI4Xd48aAxXv0x3vw3FtiDgi+Z5OW9mczMC2LBDbjut5PZ2Nza3snu5vb2Dw6P8scnTaMSTVmDKqF0OyCGCS5ZAzgI1o41I1EgWCsY1eZ+a8y04Uo+wiRmfkQGkoecErCSX1MGcJGWzBW5LPbyBbfsLoDXiZeSAkpR7+W/un1Fk4hJoIIY0/HcGPwp0cCpYLNcNzEsJnREBqxjqSQRM/50cfQMX1ilj0OlbUnAC/X3xJRExkyiwHZGBIZm1ZuL/3mdBMJbf8plnACTdLkoTAQGhecJ4D7XjIKYWEKo5vZWTIdEEwo2p5wNwVt9eZ00K2Xvuuw9VArVuzSOLDpD56iEPHSDquge1VEDUfSEntErenPGzovz7nwsWzNOOnOK/sD5/AGkbpC1</latexit>

Cost c(s, a)

Trajectory:

{(S0, A0, C0), (S1, A1, C1), . . . , (St, At, Ct), . . .}
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Markov Decision Process

. Sequential decision making over multiple timesteps ..

Key elements

policy π

finite state space: S
finite action space: A
cost function c

transition kernel P

State St+1

<latexit sha1_base64="gfWtDorFPyDsRk9Nxxw5MOahsas=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l6UI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZqDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fiko+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPp3cLvPqHSPJaPZpagH9Gx5CFn1Fip2xJUSlTDas2tuznIOvEKUoMCrWH1azCKWRqhNExQrfuemxg/o8pwJnBeGaQaE8qmdIx9SyWNUPtZfu6cXFhlRMJY2ZKG5OrviYxGWs+iwHZG1Ez0qrcQ//P6qQlv/IzLJDUo2XJRmApiYrL4nYy4QmbEzBLKFLe3EjahijJjE6rYELzVl9dJp1H3rureQ6PWvC3iKMMZnMMleHANTbiHFrSBwRSe4RXenMR5cd6dj2VrySlmTuEPnM8fWr2PlA==</latexit>

Planner
<latexit sha1_base64="3xMvQ6ewwCJZ9Dui3fC+O9UktZc=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsx0oS6LIrisYB8wHUomzbShmWRIMoUy9DPcuFDErV/jzr8x085CWw8EDufcQ+49YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8tUEdomkkvVC7GmnAnaNsxw2ksUxXHIaTec3OV+d0qVZlI8mVlCgxiPBIsYwcZK/r2YMiVFTIUZVGtu3V0ArROvIDUo0BpUv/pDSdI8SzjW2vfcxAQZVoYRTueVfqppgskEj6hvqcAx1UG2WHmOLqwyRJFU9gmDFurvRIZjrWdxaCdjbMZ61cvF/zw/NdFNkDGRpIYKsvwoSjkyEuX3oyFTlBg+swQTxeyuiIyxwsTYliq2BG/15HXSadS9q7r32Kg1b4s6ynAG53AJHlxDEx6gBW0gIOEZXuHNMc6L8+58LEdLTpE5hT9wPn8Aq2yRgQ==</latexit>

Environment

<latexit sha1_base64="edYVpdS4bPAKCIBdLfqdqDZmLKo=">AAAB83icbVDLTgJBEOzFF+IL9ehlIph4Irsc1CPoxSMm8khgQ2aHWZgw+8hMrwnZ8BtePGiMV3/Gm3/jLOxBwUo6XanqzvSUF0uh0ba/rcLG5tb2TnG3tLd/cHhUPj7p6ChRjLdZJCPV86jmUoS8jQIl78WK08CTvOtN7zK/+8SVFlH4iLOYuwEdh8IXjKKRBk2WNVJtDrE6LFfsmr0AWSdOTiqQozUsfw1GEUsCHiKTVOu+Y8foplShYJLPS4NE85iyKR3zvqEhDbh208XNc3JhlBHxI2UqRLJQf2+kNNB6FnhmMqA40ateJv7n9RP0b9xUhHGCPGTLh/xEEoxIFgAZCcUZypkhlClhbiVsQhVlaGIqmRCc1S+vk0695lzVnId6pXGbx1GEMziHS3DgGhpwDy1oA4MYnuEV3qzEerHerY/laMHKd07hD6zPH7WDkNA=</latexit>

Action At

State St+1

<latexit sha1_base64="hPgJLF7kvcEOfO7ilmq41mqS4u8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB6LXjxWsB/QhLLZbtqlm92wuxFC6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTrpapIrRDJJeqH2JNORO0Y5jhtJ8oiuOQ0144vZv7vSeqNJPi0WQJDWI8FixiBBsr+W3JGclQ3U9YfVituQ13AbROvILUoEB7WP3yR5KkMRWGcKz1wHMTE+RYGUY4nVX8VNMEkyke04GlAsdUB/ni5hm6sMoIRVLZEgYt1N8TOY61zuLQdsbYTPSqNxf/8wapiW6CnIkkNVSQ5aIo5chINA8AjZiixPDMEkwUs7ciMsEKE2NjqtgQvNWX10m32fCuGt5Ds9a6LeIowxmcwyV4cA0tuIc2dIBAAs/wCm9O6rw4787HsrXkFDOn8AfO5w8ECZED</latexit>

Policy ⇡
<latexit sha1_base64="huHrdeWeSfnkmSGzjDzu/jfxruQ=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTSWGIiHxEuZG/Zgw17e5fdORNC+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTm5jc2t7J79b2Ns/ODwqHp+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj+txvP3FtRKwecJJwP6JDJULBKFrpsR4bJOV6H8v9YsmtuAuQdeJlpAQZGv3iV28QszTiCpmkxnQ9N0F/SjUKJvms0EsNTygb0yHvWqpoxI0/XVw8IxdWGZAw1rYUkoX6e2JKI2MmUWA7I4ojs+rNxf+8borhjT8VKkmRK7ZcFKaSYEzm75OB0JyhnFhCmRb2VsJGVFOGNqSCDcFbfXmdtKoV76ri3VdLtdssjjycwTlcggfXUIM7aEATGCh4hld4c4zz4rw7H8vWnJPNnMIfOJ8/PA6P+Q==</latexit>

Cost Ct

<latexit sha1_base64="BgMmENYZrsks60dQbOHBHu0bQPw=">AAAB9HicbVBNTwIxEO3iF+IX6tFLI5hgYsguB/VI5OIRE/lIYEO6pQsN3XZtZ0kI4Xd48aAxXv0x3vw3FtiDgi+Z5OW9mczMC2LBDbjut5PZ2Nza3snu5vb2Dw6P8scnTaMSTVmDKqF0OyCGCS5ZAzgI1o41I1EgWCsY1eZ+a8y04Uo+wiRmfkQGkoecErCSX1MGcJGWzBW5LPbyBbfsLoDXiZeSAkpR7+W/un1Fk4hJoIIY0/HcGPwp0cCpYLNcNzEsJnREBqxjqSQRM/50cfQMX1ilj0OlbUnAC/X3xJRExkyiwHZGBIZm1ZuL/3mdBMJbf8plnACTdLkoTAQGhecJ4D7XjIKYWEKo5vZWTIdEEwo2p5wNwVt9eZ00K2Xvuuw9VArVuzSOLDpD56iEPHSDquge1VEDUfSEntErenPGzovz7nwsWzNOOnOK/sD5/AGkbpC1</latexit>

Cost c(s, a)

Performance (value function):

V πP (s) = EπP
[∑∞

t=0 γtCt︸︷︷︸
discounting future

|S0 = s
]
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Markov Decision Process

. Sequential decision making over multiple timesteps ..

Key elements

policy π

finite state space: S
finite action space: A
cost function c

transition kernel P

State St+1

<latexit sha1_base64="gfWtDorFPyDsRk9Nxxw5MOahsas=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l6UI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZqDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fiko+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPp3cLvPqHSPJaPZpagH9Gx5CFn1Fip2xJUSlTDas2tuznIOvEKUoMCrWH1azCKWRqhNExQrfuemxg/o8pwJnBeGaQaE8qmdIx9SyWNUPtZfu6cXFhlRMJY2ZKG5OrviYxGWs+iwHZG1Ez0qrcQ//P6qQlv/IzLJDUo2XJRmApiYrL4nYy4QmbEzBLKFLe3EjahijJjE6rYELzVl9dJp1H3rureQ6PWvC3iKMMZnMMleHANTbiHFrSBwRSe4RXenMR5cd6dj2VrySlmTuEPnM8fWr2PlA==</latexit>

Planner
<latexit sha1_base64="3xMvQ6ewwCJZ9Dui3fC+O9UktZc=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsx0oS6LIrisYB8wHUomzbShmWRIMoUy9DPcuFDErV/jzr8x085CWw8EDufcQ+49YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8tUEdomkkvVC7GmnAnaNsxw2ksUxXHIaTec3OV+d0qVZlI8mVlCgxiPBIsYwcZK/r2YMiVFTIUZVGtu3V0ArROvIDUo0BpUv/pDSdI8SzjW2vfcxAQZVoYRTueVfqppgskEj6hvqcAx1UG2WHmOLqwyRJFU9gmDFurvRIZjrWdxaCdjbMZ61cvF/zw/NdFNkDGRpIYKsvwoSjkyEuX3oyFTlBg+swQTxeyuiIyxwsTYliq2BG/15HXSadS9q7r32Kg1b4s6ynAG53AJHlxDEx6gBW0gIOEZXuHNMc6L8+58LEdLTpE5hT9wPn8Aq2yRgQ==</latexit>

Environment

<latexit sha1_base64="edYVpdS4bPAKCIBdLfqdqDZmLKo=">AAAB83icbVDLTgJBEOzFF+IL9ehlIph4Irsc1CPoxSMm8khgQ2aHWZgw+8hMrwnZ8BtePGiMV3/Gm3/jLOxBwUo6XanqzvSUF0uh0ba/rcLG5tb2TnG3tLd/cHhUPj7p6ChRjLdZJCPV86jmUoS8jQIl78WK08CTvOtN7zK/+8SVFlH4iLOYuwEdh8IXjKKRBk2WNVJtDrE6LFfsmr0AWSdOTiqQozUsfw1GEUsCHiKTVOu+Y8foplShYJLPS4NE85iyKR3zvqEhDbh208XNc3JhlBHxI2UqRLJQf2+kNNB6FnhmMqA40ateJv7n9RP0b9xUhHGCPGTLh/xEEoxIFgAZCcUZypkhlClhbiVsQhVlaGIqmRCc1S+vk0695lzVnId6pXGbx1GEMziHS3DgGhpwDy1oA4MYnuEV3qzEerHerY/laMHKd07hD6zPH7WDkNA=</latexit>

Action At

State St+1

<latexit sha1_base64="hPgJLF7kvcEOfO7ilmq41mqS4u8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB6LXjxWsB/QhLLZbtqlm92wuxFC6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTrpapIrRDJJeqH2JNORO0Y5jhtJ8oiuOQ0144vZv7vSeqNJPi0WQJDWI8FixiBBsr+W3JGclQ3U9YfVituQ13AbROvILUoEB7WP3yR5KkMRWGcKz1wHMTE+RYGUY4nVX8VNMEkyke04GlAsdUB/ni5hm6sMoIRVLZEgYt1N8TOY61zuLQdsbYTPSqNxf/8wapiW6CnIkkNVSQ5aIo5chINA8AjZiixPDMEkwUs7ciMsEKE2NjqtgQvNWX10m32fCuGt5Ds9a6LeIowxmcwyV4cA0tuIc2dIBAAs/wCm9O6rw4787HsrXkFDOn8AfO5w8ECZED</latexit>

Policy ⇡
<latexit sha1_base64="huHrdeWeSfnkmSGzjDzu/jfxruQ=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTSWGIiHxEuZG/Zgw17e5fdORNC+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTm5jc2t7J79b2Ns/ODwqHp+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj+txvP3FtRKwecJJwP6JDJULBKFrpsR4bJOV6H8v9YsmtuAuQdeJlpAQZGv3iV28QszTiCpmkxnQ9N0F/SjUKJvms0EsNTygb0yHvWqpoxI0/XVw8IxdWGZAw1rYUkoX6e2JKI2MmUWA7I4ojs+rNxf+8borhjT8VKkmRK7ZcFKaSYEzm75OB0JyhnFhCmRb2VsJGVFOGNqSCDcFbfXmdtKoV76ri3VdLtdssjjycwTlcggfXUIM7aEATGCh4hld4c4zz4rw7H8vWnJPNnMIfOJ8/PA6P+Q==</latexit>

Cost Ct

<latexit sha1_base64="BgMmENYZrsks60dQbOHBHu0bQPw=">AAAB9HicbVBNTwIxEO3iF+IX6tFLI5hgYsguB/VI5OIRE/lIYEO6pQsN3XZtZ0kI4Xd48aAxXv0x3vw3FtiDgi+Z5OW9mczMC2LBDbjut5PZ2Nza3snu5vb2Dw6P8scnTaMSTVmDKqF0OyCGCS5ZAzgI1o41I1EgWCsY1eZ+a8y04Uo+wiRmfkQGkoecErCSX1MGcJGWzBW5LPbyBbfsLoDXiZeSAkpR7+W/un1Fk4hJoIIY0/HcGPwp0cCpYLNcNzEsJnREBqxjqSQRM/50cfQMX1ilj0OlbUnAC/X3xJRExkyiwHZGBIZm1ZuL/3mdBMJbf8plnACTdLkoTAQGhecJ4D7XjIKYWEKo5vZWTIdEEwo2p5wNwVt9eZ00K2Xvuuw9VArVuzSOLDpD56iEPHSDquge1VEDUfSEntErenPGzovz7nwsWzNOOnOK/sD5/AGkbpC1</latexit>

Cost c(s, a)

Planning: find the optimal policy of

min
π
V πP (s), ∀s ∈ S
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Markov Decision Process

. Sequential decision making over multiple timesteps ..

Key elements

policy π

finite state space: S
finite action space: A
cost function c

transition kernel P

State St+1

<latexit sha1_base64="gfWtDorFPyDsRk9Nxxw5MOahsas=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l6UI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZqDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fiko+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPp3cLvPqHSPJaPZpagH9Gx5CFn1Fip2xJUSlTDas2tuznIOvEKUoMCrWH1azCKWRqhNExQrfuemxg/o8pwJnBeGaQaE8qmdIx9SyWNUPtZfu6cXFhlRMJY2ZKG5OrviYxGWs+iwHZG1Ez0qrcQ//P6qQlv/IzLJDUo2XJRmApiYrL4nYy4QmbEzBLKFLe3EjahijJjE6rYELzVl9dJp1H3rureQ6PWvC3iKMMZnMMleHANTbiHFrSBwRSe4RXenMR5cd6dj2VrySlmTuEPnM8fWr2PlA==</latexit>
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Cost c(s, a)

Planning with an equivalent objective:

min
π
fρ(π) =

∑
s∈S ρ(s)V πP (s) ⇒ Non-convex

Yan Li — First-order Policy Optimization for Robust MDP 9/35



MDP and Policy Optimization Robust Markov Decision Process Robust Policy Mirror Descent Planning with Function Approximation Conclusion

Planning Methods for MDP

1 Linear programming based methods
stochastic primal-dual methods

2 Dynamic programming based methods
stochastic value iteration or Q-Learning
can diverge even with linear approximation

3 Nonlinear programming based methods

policy gradient methods

much more friendly to function approximation

Only until very recently, these methods were shown to exhibit comparable or
even superior performance guarantees than alternative methods

Yan Li — First-order Policy Optimization for Robust MDP 10/35
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Policy Gradients – Overview
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Policy Gradients - A Basic Skeleton

First-order policy optimization:
1 Eval(πk)→ Q

πk
P

2 Construct gradient information Gk
3 Update(πk, Gk)→ πk+1

4 Repeat ..

Yan Li — First-order Policy Optimization for Robust MDP 12/35
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Policy Gradients - A Basic Skeleton

Q-function:

QπP (s, a) = EπP
[∑∞

t=0 γ
tc(St, At)

∣∣S0 = s,A0 = a
]

Yan Li — First-order Policy Optimization for Robust MDP 12/35
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Policy Gradients - A Basic Skeleton

? Challenges:

Non-convex landscape

Transition P and cost c(·) can be unknown

Yan Li — First-order Policy Optimization for Robust MDP 12/35
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Policy Gradients – Existing Development

1 Deterministic setting: exact first-order information:

Even-Dar, Kakade, Mansour ’09: O(1/
√
T ) regret

Agarwal, Kakade, Lee, Mahajan ’19: O(1/T )
Cen et. al. ’20: linear for entropy regularized MDPs

2 Stochastic setting – sample complexity
Agarwal, Kakade, Lee, Mahajan ’19: O(1/ε4)
Shani, Efroni, Mannor ’20: O(1/ε4) and O(1/ε3) for entropy regularized
MDPs

3 Policy mirror descent (Lan, ’21)
Deterministic: linear for both regularized and un-regularized
Stochastic: O(1/ε2) un-regularized; O(1/ε) regularized

Yan Li — First-order Policy Optimization for Robust MDP 13/35
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Robust Markov Decision Process

Yan Li — First-order Policy Optimization for Robust MDP 14/35
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Motivating Examples

I: Planning with Pre-collected Data D

Direct approach

1 Estimate transition kernel P̂ ≈ P from D
2 Planning with estimated P̂

Subject to randomness in data collection

Robust approach

1 Construct P s.t. P ∈ P with high probability

2 Planning within P to hedge against randomness

Yan Li — First-order Policy Optimization for Robust MDP 15/35
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Motivating Examples

II: Sim-to-real Robot Training

Training environment (simulation) has Psim

Deployment (real-life) environment has Preal ≈ Psim

Ultimate goal is to perform well for Preal

Robust approach

1 Construct P based on robustness preference
ε-contamination model (Huber, ’64):

P = {(1− ε)Psim + εQ : Q ∈ Q (pre-specified)}

Large ε yields stronger robustness

2 Planning within P to hedge against environment changes
Use only samples from interacting with Psim

Yan Li — First-order Policy Optimization for Robust MDP 16/35
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Robust Markov Decision Process

. Robust Objective:

min
π

{
fr(π) :=

∑
s∈S ρ(s) max

u∈U
V πPu(s)︸ ︷︷ ︸

V πr (s)

}

Pu(·|s, a) = PN(·|s, a) + u(·|s, a) for (s, a) ∈ S ×A
PN: nominal transition kernel

U : index set for transition kernels (ambiguity set)

. Structure of Ambiguity Set:

1 (s, a)-rectangularity [our focus]:

U = Π(s,a)∈S×A Us,a

No coupling of uncertainties for different state-action pair
Certain equivalence to nested robust formulation

2 Popular alternative: s-rectangularity

3 General cases: NP hard

Yan Li — First-order Policy Optimization for Robust MDP 17/35
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Robust Markov Decision Process

Can we learn robust policy, while only given (stochastic) access to PN?

. “Access of PN”

1 Deterministic: PN is known

2 Stochastic: can draw trajectories from PN

. Existing Development
1 Value based methods (vast majority):

Tamar et. al, ’14; Roy et. al, ’17; Zhou et. al, ’21; many others

2 Policy gradient methods (relatively few):
Wang and Zou, ’22: smoothing argument

O(1/ε3) iterations in deterministic setting
O(1/ε7) samples in stochastic setting
Tailors to special (s, a)-rectangular set

Clearly not optimal (even U = {0})

Yan Li — First-order Policy Optimization for Robust MDP 18/35
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Robust Policy Mirror Descent: Preview

Yan Li — First-order Policy Optimization for Robust MDP 19/35
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Preview of Results

. Robust Policy Mirror Descent

Algorithm RPMD update: πk → πk+1

Input: Compute robust Qπkr := maxu∈U Q
πk
Pu

Update: For every state s ∈ S:

πk+1(·|s) = argminp∈∆A
ηk〈Qπkr (s, ·), p〉+Dpπk (s)

. Parameters and Variants

ηk – stepsize

Dpπk (s) = w(p)− w(πk(·|s))− 〈∇w(πk(·|s)), p− πk(·|s)〉
1 w(·): distance generating function (many choices)
2 projected gradient: w(p) = ‖p‖22
3 natural policy gradient: w(p) =

∑
a∈A pa log(pa):

πk+1(a|s) ∝ πk(a|s) exp
(
−ηkQ

πk
r (s, a)

)
4 Tsallis divergence with index q ∈ (0, 1): w(p) = −

∑
a∈A p

p
a

πk+1 can be computed using simple bisection (Li and Lan, ’23)

Yan Li — First-order Policy Optimization for Robust MDP 20/35
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Preview of Results

. Robust Policy Mirror Descent

Algorithm RPMD update: πk → πk+1

Input: Compute robust Qπkr := maxu∈U Q
πk
Pu

Update: For every state s ∈ S:

πk+1(·|s) = argminp∈∆A
ηk〈Qπkr (s, ·), p〉+Dpπk (s)

1 Versatile: recovers PMD for non-robust MDP (Lan, ’21)

2 Efficient:
Deterministic setting (exact Q

πk
r ): O(log(1/ε)) iterations

Stochastic setting (estimated Q
πk
r ): O(1/ε2) samples

Optimal dependence on ε

Yan Li — First-order Policy Optimization for Robust MDP 21/35
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First-order Viewpoint and Intuitions
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Issues with Policy Gradients

. Not-so-friendly Landscape

1 V πr (s) is only almost everywhere (Hausdorff sense) differentiable

2 Need to handle potential non-smoothness/non-differentiability

. Additional Issues

1 The analytic form of gradient (if exists):

∇fr(π)[s, a] = 1
1−γ d

π,uπ
ρ (s)Qπr (s, a)

dπ,uπρ (s) := (1− γ)
∑
s′∈S

∑∞
t=0 γ

tρ(s′)Probπ,uπ (St = s|S0 = s′)
needs worst kernel Puπ of π – difficult to compute/estimate

2 Unclear whether gradient stationarity implies global optimality
Special case discussed in Wang and Zou, ’21
Local-to-global conversion already non-optimal in non-robust case

? Need alternative first-order information ?

Yan Li — First-order Policy Optimization for Robust MDP 23/35
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“Useful” First-order Information

? Robust Q-function as “Subgradient” ?

. Local Improvement

V π
′

r (s)− V πr (s) ≤ 1
1−γEs′∼dπ

′,u
π′

s

〈
Qπr , π

′ − π
〉
s′

Following −Qπr improves the value

. Global Convergence

E
s′∼dπ

∗,uπ
s

[
〈Qπr , π − π∗〉s′

]
≥ (1− γ)

(
V πr (s)− V π

∗
r (s)

)
Qπr provides enough information on optimality gap
? Proper state aggregation is required

. Qπr bears great similarities of subgradients for convex problems
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Robust Policy Mirror Descent: Deterministic Setting
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Convergence Characterization

Theorem

Let M = supu∈U‖dπ
∗,u
ρ /ρ‖∞ and M ′ = supu,u′∈U‖dπ

∗,u
ρ /dπ

∗,u′
ρ ‖∞. In

RPMD, choosing ηk ≥ ηk−1

(
1− 1−γ

M

)−1
M ′ yields

fρ(πk)− fρ(π∗) ≤
(
1− 1−γ

M

)k · O(1)︸ ︷︷ ︸
from initialization

1 First linear rate for first-order policy based method

2 Subsumes the special case of non-robust MDPs

M = ‖dπ
∗
ρ /ρ‖∞, M ′ = 1.

3 Unclear whether dependence on M is tight
Appears also for non-robust MDP with linear rate
Seems removable with a sublinear rate
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Robust Policy Mirror Descent: Stochastic Setting
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Stochastic Robust Policy Mirror Descent

Algorithm SRPMD update: πk → πk+1

Input: Evaluate Q̂πk,ξkr ≈ Qπkr
Update: For every state s ∈ S:

πk+1(·|s) = argminp∈∆A
ηk〈Qπk,ξkr (s, ·), p〉+Dpπk (s)

Theorem

With the same stepsize as RPMD, if Eξk‖Q
πk,ξk
r −Qπkr ‖∞ ≤ e for all k ≥ 0,

then

E [fρ(πk)− fρ(π∗)] ≤
(
1− 1−γ

M

)k · O(1)︸ ︷︷ ︸
from initialization

+ 4Me
(1−γ)2

. Converges up to the noise level

. Need to interact with PN to learn robust Q-function

Yan Li — First-order Policy Optimization for Robust MDP 28/35
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Learning the Robust Q-function

Exploiting Access to PN

Algorithm Robust Temporal Difference Learning: π → Qπ,ξr

for t = 0, 1, . . . do
Collect st+1 ∼ PN(·|st, at), and make action at+1 ∼ π(·|st+1)
Update:

θt+1 = θt + αt
[
c(st, at) + γθt(st+1, at+1)

+ σUst,at (M(π, θt))− θt(st, at)
]
e(st, at)

end for

σX(·) is the support function of X

[M(π, x)](s) =
∑
a∈A π(a|s)x(s, a) for s ∈ S

When U = {0}, reduces to standard TD

Can be easily adapted for ε-contamination model
Unbiased robust Bellman evaluation operator is available
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Sample Complexity of RTD and SRPMD

. Sample complexity of Robust TD

Proposition

For any ε > 0, with properly chosen α, the RTD method needs at most

T = Õ
(

log2(1/ε)

(1−γ)5ν3minε
2

)
iterations to find an estimate θT satisfying Eξ‖θT −Qπr ‖∞ ≤ ε.

. Sample complexity of SRPMD

Theorem

With the same stepsize chosen as before, total number of samples required by
SRPMD for finding an ε-optimal policy can be bounded by

Õ
(
M3 log2(4M/(ε(1−γ)2))

(1−γ)10ν3minε
2

)
.

We believe the dependence on (1− γ)−1 can be improved
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Robust Policy Mirror Descent: (Linear) Function Approximation
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Preview of Linear Approximation

. The essential target: Find θπ so that

‖φ(·, ·)>θπ︸ ︷︷ ︸
Qπ
θπ

−Qπr (·, ·)‖∞

can be controlled.

Isn’t linear function approximation easy?

1 Fixed-point (contraction) based:

Qπθ = Πφ,νT πQπθ → θπ

T π – Robust Bellman operator of Qπr
Πφ,ν – the projection onto span(Ψ) in ‖ · ‖ν
Πφ,νT π – a contraction
Roots of TD and many variants

2 Minimize Bellman residual:

min
θ
‖Qπθ (·, ·)− T πQπθ (·, ·)‖22 → θπ

Easily combined and nonlinear approximations (e.g., NNs)

Yan Li — First-order Policy Optimization for Robust MDP 32/35
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Difficulties of Linear Approximation

Why is linear function approximation difficult (for robust evaluation)?

1 Fixed-point (contraction) based:

Qπθ = Πφ,νT πrobustQ
π
θ ��→ θπ

T πrobust – Bellman operator of Qπ

Πφ,νT πrobust – NOT a contraction
Does not even have a solution
Robust TD diverges with linear approximation

2 Minimize Bellman residual:

min
θ
‖Qπθ (·, ·)− T πrobustQ

π
θ (·, ·)‖22 ��→ θπ

Non-convex in θ

Current Development

No assumption-free convergent method for robust policy evaluation even
in the deterministic setting

Yan Li — First-order Policy Optimization for Robust MDP 33/35
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Robust Evaluation as Policy Optimization

. MDP of Nature:

State space: S ×A
Action space: Us,a for each (s, a)

Transition: transition of {(st, at)} generated by π deployed in Pπu, where u
is determined by nature’s policy

Cost: −c(s, a)

. Observation: optimal value function of nature equals to −Qπr (s, a)

Question: can we optimize nature’s MDP efficiently?

Yes, O(1/ε2) sample suffices, even with linear approximation.

Also can be incorporated with NNs.
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Summary

1 RPMD for robust MDP with (s, a)-rectangular ambiguity
Simple implementation
Subsumes planning of non-robust MDP

2 Deterministic setting: O(log(1/ε)) iterations

3 Stochastic setting:
Convergence up to noise level

Õ(1/ε2) sample complexity

4 Evaluation with linear approximation:
O(1/ε2) sample complexity

5 Potential directions:
Sample limit of policy gradients for robust MDP
– dependence on the effective horizon (lower/upper bounds)
s- and r-rectangular ambiguity sets

Reference

Li, Y., Lan, G, & Zhao, T. (2022). First-order policy optimization for robust

Markov decision process. arXiv preprint arXiv:2209.10579.

Li, Y., & Lan, G. (2023). First-order policy optimization for robust policy

evaluation. arXiv preprint arXiv:2307.15890.
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